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Abstract

This paper studies how an information designer can influence experimentation with a new
product of unknown quality. The designer commits to a history-contingent recommendation
policy. A sequence of consumers arrives, not knowing their positions in the sequence or past
outcomes, observing only the designer’s recommendations. The designer learns from a noisy
signal of quality generated from each purchase. When the designer maximizes expected con-
sumer surplus, the first-best level of experimentation is achievable under general conditions.
With alternative objectives—such as internalizing externalities on non-consumers or maximiz-
ing profit—the first best may fail, and at least one consumer incentive constraint must bind.
We characterize the optimal second-best mechanisms under perfect good news and perfect bad
news learning processes. With perfect good news, the designer can increase or decrease exper-
imentation relative to the consumer-welfare benchmark until the relevant incentive constraint
binds, and optimal policy may involve mixing before stopping. With perfect bad news, a de-
signer with weaker experimentation incentives cannot do better than delaying experimentation,
while a designer with stronger experimentation incentives cannot extend experimentation but
may increase adoption by occasionally recommending a product already revealed to be of low

quality.
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1 Introduction

Experimentation and adoption of new products and technologies have been investigated extensively
in the Economics literature, both theoretically and empirically. A key issue in experimentation is
that individual incentives typically do not align with the social value of experimentation. Experi-
mentation with a new product can generate valuable information for future consumers, a positive
externality that is typically not internalized by agents in the decision whether to experiment. This
implies that starting experimentation with a product might not be individually rational, even when

experimentation has a positive social value.

There is a line of literature, in both economics and computer science, on providing incentives
to people to experiment.! Some of this literature examines incentives provided by information,
both theoretically and empirically.” In particular, Kremer et al. (2014) and Che and Horner (2018)
show that an information designer (hereafter designer) who has some extra information relative
to consumers about a new product can gradually kickstart experimentation through information
design.? In this paper, we examine what such a designer can achieve when he does not have extra
information beyond feedback from past consumers, in a context where the designed information
structure determines how much a consumer knows about past purchases and consumer experiences.
In particular, a consumer might not know (unless the information structure designed by the designer
reveals it) how many other consumers purchased the product before her, that is, whether she is an
early adopter or whether there is already a considerable amount of information generated about
the product by past consumers.” Such environments naturally emerge when consumers receive
private recommendations to buy products that might depend on past consumers’ feedback about
the product (on top of the given consumer’s purchase history), and there are many new products
arriving to the market, making it difficult for a consumer to judge exactly how recently a product

was introduced. Examples of such private recommendation systems include Amazon’s Recommender

'For recent contributions in computer science, see for example Immorlica et al. (2018), Mansour et al. (2022),
Slivkins (2023) and Simchowitz and Slivkins (2024).

2For empirical investigations on how providing information can boost adoption of new technologies, see for example
Hanna et al. (2014) and Ayalew et al. (2022). The latter paper considers targeted recommendations to different agents,

which is a central feature of our analysis, too.
3More precisely, in Che and Horner (2018) the designer learns about the product’s quality from past consumers’

experiences, the speed of which depends on the volume of consumption, but also from some independent sources that
do not depend on consumption. See also Lyu (2026) for a related paper with a more general information structure in
which the designer receives an initial private information about product quality, Lyu and Liao (2026) for a setting in
which consumers can wait and stay around for multiple periods before deciding whether to purchase a product, and
Madsen and Shmaya (2025) for how heterogeneity among agents more generally than differences in arrival time can

limit what a designer can achieve.
4Gershkov and Szentes (2009) make a similar assumption in a different context, with costly information acquisition

and voting by a sequence of agents.



System, and recommendations sent by email by AliEzpress, featuring relatively new products like
electronic gadgets and games. A different scenario is a physician deciding whether to recommend a
treatment that has not yet received FDA approval to patients, who do not know how much feedback

the physician already observed about the effects of the medical substance.’

Our model features a sequence of consumers (she) arriving in the marketplace, each deciding
whether to purchase a good of unknown quality. If the product is good, the consumer gets a utility
of 1 when purchasing it, and if it is bad, she gets a utility of —1. Not purchasing the product
gives a sure utility of 0. The consumers have a common prior belief regarding the quality. After a
consumer arrives, there is a 1 — § probability that consumers potentially interested in the product
stop arriving, for example, because the product becomes obsolete, so the total number of arriving
consumers is random. An arriving consumer does not know her place in the sequence; instead, she

can only draw inferences about it.

If a consumer purchases the product, she receives a signal about its quality and then leaves

% For the recommendations received by different consumers, we

a feedback about her experience.
employ an information design approach. In particular, the designer can publicly commit to a
recommendation mechanism that recommends the purchase of the product with some probability

as a function of the history of previous purchases and feedback.

We first demonstrate how the designer can use a recommendation mechanism to affect exper-
imentation in a two-period example. Suppose that the prior belief that the product is good is
less than 1/2, but not by much. Suppose also that if the product is good, a consumer who pur-
chases it has a good experience (thereby proving that the product is good) with high probability.
Without a recommendation mechanism, consumers would not purchase the product, since starting
experimentation is not individually rational. One way the designer can kickstart experimentation
is by recommending purchase to the consumer arriving in Period 1 and to the consumer arriving
in Period 2 only if the first consumer left positive feedback. A consumer who is recommended to
buy the product knows that with some probability she is the very first consumer (in which case she
would rather not buy the product), but she also assigns some probability to the event that someone
has already tested the product and verified it to be good, which makes her more willing to follow

the recommendation to purchase the good.

SFor instance, a physician may prescribe an FDA-approved drug for an off-label use, namely, a condition or
population beyond the scope of its FDA approval. Moreover, many medical procedures and surgical techniques are
not subject to FDA approval in the same manner as drugs, and their adoption often relies on clinical evidence,

professional standards, and physician judgment.
SFor simplicity, we assume that leaving feedback is costless and that consumers leave truthful feedback about

their experience with the product. In reality, leaving feedback might be driven by other factors, including preferences
toward future consumers, a desire for bad products to give way to good products if there is a possibility of repeat
purchasing needs in the future, or platforms providing monetary incentives, such as randomly awarded gift certificates,

to consumers leaving feedback.


https://pmc.ncbi.nlm.nih.gov/articles/PMC9998554/
https://journalofethics.ama-assn.org/article/should-surgery-have-fda/2004-10

The central focus of our investigation is how close the designer can get to achieving his first-
best experimentation policy, via recommendation mechanisms. This of course depends on what the
objective function of the designer is. Our first result is that if the designer’s goal is to maximize
the expected intertemporal consumer surplus, that is, the sum of expected payoffs of consumers
discounted by arrival probabilities, then the designer can achieve the first best for general specifi-
cations of the model. This simply follows from the fact that for any recommendation mechanism,
the expected payoff of a consumer from purchasing conditional on a purchase recommendation is
a fixed fraction of the designer’s payoff resulting from consumers following the recommendations
of the mechanism. That is, the designer’s and the consumers’ payoffs go hand in hand. In par-
ticular, if the optimal experimentation plan generates a strictly positive consumer surplus, and if
the recommendation mechanism follows the plan that maximizes consumer surplus, a consumer
who is recommended to purchase the good expects a strictly positive payoff when following the
recommendation. Intuitively, not knowing her position in the sequence of arrivals puts a consumer

behind the veil of ignorance, helping to align individual and social incentives.

In general, a recommendation mechanism needs to satisfy two Incentive Compatibility (IC)
constraints. One is that if a consumer is recommended to purchase the product, her payoff from the
purchase has to be nonnegative. The second one is that if she is not recommended to purchase the
product then her payoff from buying it is nonpositive. Since consumers do not know their position
in the sequence of arrivals, these constraints are not the standard local constraints, pertaining to a
consumer arriving in a certain period, but global, meaning that they depend on whether purchasing
on average given a certain recommendation yields a positive payoff or not. This means that the

techniques needed to solve the designer’s problem are different from those in the related literature.

For general objective functions of the designer, and for general learning signal structures from
experimentation, we show that either the designer can achieve his first best, or exactly one of the
two IC constraints needs to bind at the second-best optimal recommendation mechanism of the
designer. We also show that without loss of generality, the second-best recommendation policy
has a threshold form, such that above a certain posterior belief the designer recommends buying
the product, and below this threshold he does not. When the first best is not IC, mixing may
be necessary to keep the corresponding IC constraint binding and only happens at the threshold
belief.

The existence of a threshold second-best recommendation policy, while intuitive in the station-
ary environment we work with, is far from obvious as changing the probability of recommending
purchase at a given history changes the probabilities of reaching subsequent histories associated
with different posterior beliefs, which can affect both global IC constraints in complicated ways.
Hence, starting from a non-threshold policy, it might not be possible to find a local modification

of the policy that respects the IC constraints and improves the designer’s expected payoff. We



overstep the problem by rewriting the designer’s problem in a form in which the IC constraints are
built into the objective function and show that in this unconstrained auxiliary problem there is an

optimal policy that has the threshold form.

While there always exist threshold second-best policies, the specific second-best policies under
different signal structures can look rather different. For a more concrete characterization of the
second-best recommendation mechanism, we investigate two particular learning signal structures
popular in the literature, perfect good news and perfect bad news. Perfect good news means that
after purchasing the product, a consumer can either get a good signal or no signal, and there is a
positive probability of getting a good signal only if the product is good. An example is a medicine
that has a positive probability of curing the patient if it is good, but zero possibility of curing
the patient if it is bad. Perfect bad news, on the other hand, means that a consumer buying
the product can either receive a bad signal or no signal, and the bad signal only has a positive
probability when the product is bad. An example would be a television that has some probability
of exploding if it is a bad product, but not if it is a good product. For both of these learning signal
structures, we investigate cases when the designer prefers experimentation beyond the level that
maximizes consumer surplus (over-experimenting designer) and cases when the designer prefers
less experimentation (under-experimenting designer). One reason why the designer’s goals might
be different from maximizing consumer surplus is the existence of positive or negative externalities
from agents consuming the product. An extreme case of an over-experimenting designer is that of a
profit maximizing seller, who only cares about the total amount of sales, independent of whether the
product is good or bad. On the other extreme, a designer might really want to discourage consumers
to buy a product like an addictive substance, so in the first best he would want to recommend no
purchase to every consumer. But if given only this generic do-not-purchase recommendation the
product is too tempting to acquire for consumers, the designer needs to recommend purchase in

some instances, in order to make a do-not-purchase recommendation IC.

In the perfect good news case, if the over- or under-experimentation incentives of the designer are
not too strong, he can still implement his first best under most prior beliefs. When these incentives
are stronger, however, the first best violates one of the IC constraints, and the second-best policy
adjusts experimentation only until the relevant IC constraint binds. The optimal policy consists of
an exploration phase followed by an exploitation phase. During the exploration phase, the designer
recommends purchase as long as no good news has arrived, possibly mixing in the final period of
experimentation to make the binding IC constraint hold exactly. If good news arrives, the product
is revealed to be good and the designer enters the exploitation phase, recommending purchasing a
known good product thereafter. If no good news arrives by the end of the exploration phase, the
designer stops recommending purchase. In addition, the second-best policy does not change with

respect to the experimentation incentives once regulated by the binding IC constraints.



The perfect bad news case is qualitatively different. Here we show that an over-experimenting
designer cannot do much as long as he would not want purchases of a bad product. In this case if
the consumer surplus is maximized by no experimentation then the designer’s second best involves
no experimentation, and if the consumer surplus is maximized by recommending the product until
bad news arrives then the over-experimenting designer cannot do better than implementing that.
Things change when the designer would like purchases even in the bad state, such as in the case
of the designer being a profit maximizing seller. In this case the seller might recommend purchase
even in some cases when bad news arrives and the low quality is revealed to the seller. And for
an under-experimenting designer, we show that if he cannot achieve no experimentation then his
potential impact on experimentation is very limited: he cannot do better than postponing the start

of experimentation by one period with some probability.

The different forms of the second-best policies under perfect good news and perfect bad news,
despite their common threshold structure, arise from the opposite directions in which beliefs evolve
when no news arrive. Under perfect good news, the absence of good news makes the product
progressively less likely to be good. Experimentation therefore becomes less attractive over time,
generating an exploration phase in which purchase is recommended until the belief reaches a stop-
ping threshold, followed by an exploitation phase only if good news has revealed the product to be
good. The designer then in general can adjust the duration of experimentation, in either direction.
Under perfect bad news, by contrast, the absence of bad news makes the product progressively
more likely to be good, so experimentation becomes easier to sustain over time. If the designer
does not value sales of a product revealed to be bad, no purchase is recommended after bad news
arrives. In this case, an over-experimenting designer cannot improve on the consumer-efficient
policy: before bad news, consumers already experiment whenever doing so can be made incentive
compatible, while after bad news neither the designer nor consumers wish to continue. For an under-
experimenting designer, if consumers are willing to experiment at the prior, a policy that always
recommends no purchase would violate the incentive constraint associated with the no purchase
recommendation. Incentive compatibility then implies that purchase needs to be recommended

with positive probability at the prior belief, and with probability 1 at all higher beliefs.

We derive most of our results through reformulating the problem of the designer in terms of
occupancy measures, that is, the expected number of periods that the game is in a certain state,
namely that at the beginning of the period the belief about the product being good is at a certain
value, and the expected number of periods that at that belief purchase is being recommended.
This representation summarizes the long-run behavior of a recommendation policy in terms of
state-action frequencies, which simplifies both the designer’s objective function and the consumers’
IC constraints. In particular, the designer’s problem can be reformulated as a linear programming

problem in occupancy measures. Moreover, typically the designer’s second-best policy is unique



with respect to occupancy measures, but not in terms of recommendation policy, making the

characterization in terms of occupancy measures cleaner.

In an extension, we also examine the relaxation of the assumption that a consumer does not
know her place in the sequence of arrivals in a simple version of the model. In particular, we
assume that a consumer, besides receiving a recommendation from the mechanism, receives a noisy
signal about her place in the arrival sequence. We show that if this signal is not too informative
then our conclusions remain valid. In a different extension, we investigate the impact of not all
consumers leaving feedback. We show that this leads to a slower learning technology about product
quality, reducing the incentives of the designer to facilitate experimentation, but otherwise leaves

our qualitative conclusions intact.

Both Kremer et al. (2014) and Che and Horner (2018) consider extensions with consumers
having less information about their relative arrival time, in the context when the designer aims to
maximize expected consumer surplus. In Kremer et al. (2014) there are two goods, initially both
with unknown quality, and every consumer buys one of the goods. A simple learning technology is
adopted, in which consuming a good just one time immediately reveals its quality. For the particular
learning technology of the model the paper argues that if consumers know little information about
their positions in the sequence then the first best can be achieved, which we formally show for
general learning processes. Che and Horner (2018) formally show this result for the case of perfect
good news and perfect bad news (the latter in an appendix) for high enough levels of patience, so
our result for the particular case of a designer wanting to maximize expected consumer surplus is

a generalization of their finding for all (stationary) learning processes and levels of patience.

Kovbasyuk and Spagnolo (2024) also consider recommendation systems in a Markovian envi-
ronment. Although their setting is different in that the quality of the product can change over
time, and in that the current quality is perfectly revealed with each purchase, the optimal recom-
mendation policy is of the threshold form, like in our setting. This result is more straightforward
to obtain in their setting, in which the planner’s belief is fully determined by the last feedback left
and the time that has lapsed, compared with the general (stationary) information processes that

we work with.

More generally, our paper builds on the literature on strategic experimentation (Bolton and
Harris (1999), Keller et al. (2005), Keller and Rady (2010, 2015)), information design (see Rayo
and Segal (2010) and Kamenica and Gentzkow (2011), and for a more recent survey Bergemann
and Morris (2019)), and information cascades (see Banerjee (1992), Bikhchandani et al. (1992), and
for a more recent survey Bikhchandani et al. (2024)). Papers in the latter literature assume that
the information of consumers about previous purchases and consumer experiences are exogenously
given, while in this paper we assume that they are endogenously determined by the designer’s

choice of the recommendation mechanism.



2 The Model

Time is discrete and infinite, ¢ = 1,2, ---. There is a product with persistent quality ¢ that is either
good or bad. That is, ¢ € Q = {G, B}. The potential consumers of the product arrive sequentially,
and let consumer ¢t denote the consumer who arrives at time ¢. Consumer 1 arrives for sure. If
consumer t arrives, consumer ¢ + 1 arrives with probability 6 € (0,1). If consumer ¢ + 1 does
not arrive then no more consumers arrive afterward. A consumer does not know the time of her
arrival, and her belief regarding her arrival time follows a geometric distribution with parameter
1 — 6. That is, she believes that she is consumer ¢ with probability 6°=1(1 — §). All consumers
share the common prior pg that the product is good. A consumer’s payoff is 1 if she purchases a
good product, —1 if she purchases a bad product, and 0 if she does not purchase. If consumer ¢

purchases the product, by using it she receives a signal about the quality
m: Q= A(S),

where S is the set of all possible signal realizations. We assume that the signal is independent

across consumers, conditional on the state.

In this context we consider the problem of a designer who gets to observe the signal realizations
of consumers who buy the product, via feedback that these consumers leave after using the product,
and can commit to a recommendation mechanism that can recommend a newly arriving consumer
to either purchase (Y') or not to purchase (N) the product, as a function of the history of signals
of previous consumers.” At the beginning of the game, the designer also shares the same prior jq.

For each consumer, the designer gets

1 if she purchases a good product,
v =140 if she does not purchase,
a if she purchases a bad product,

where a € (—o0, 1] is a parameter. The designer’s total expected payoff is

> T E(w).
t=1

A special case is a = —1, where the designer’s payoff regarding a consumer coincides with the
consumer’s payoff. This is referred to as the nonpaternalistic baseline. If a > —1, the designer

has a stronger experimentation incentive. In particular, if a > 0, the designer always prefers a

"In general the designer could generate a richer set of messages for the consumers, but because the action set of
a consumer is binary, standard revelation principle arguments establish that it is without loss of generality to focus

on structures with two messages, with meanings of recommending or not recommending purchase.



consumer to purchase the product, even if the product is of bad quality. If a = 1, the designer can
be considered as a profit-maximizing seller trying to maximize sales of the product, independent of
the state. On the other hand, if a < —1, the designer has a weaker experimentation incentive. In
the limit case of a — —o0, the designer never wants any consumer to purchase, unless the product
is known to be of good quality.

A history includes all previous recommendations, all previous consumer purchasing decisions,

and all realized signals. In general, the designer’s strategy maps any history to a recommendation.

2.1 A Motivational Example

We start with a simple example to show how the designer can facilitate experimentation. For this
example suppose that there are only two periods. Consumer 1 arrives for sure, while Consumer 2

arrives with probability §. The signal is perfect good news,

:[3 1101.

In other words, if the state is G, the good news g arrives with probability a. Otherwise, there is no

Plg|G) P(n]G)
P(g| B) P(n|B)

news (denoted by n). Let a = —1 in this example. Suppose py < 1/2 so that persuading consumers

to purchase is not trivial.

We solve the designer’s first best by backward induction. If Period 2 is reached, the designer
should recommend Y if and only if g is received from Consumer 1’s purchase. To see this, notice
that if Consumer 1 did not purchase, or b is received, the designer holds a belief at most pg. Since
there is no further consumer (the game ends there), recommending a product that is more likely
to be bad is not beneficial. If g is received, the product is known to be good, so that Y should be

recommended.

Given this, recommending Y in the first period yields

pio X 1+ (1= po) x (=1) + dapg x 1

Immediate Payoff Experimentation Benefits

The designer should recommend Y in the first period if this is nonnegative, since no purchase yields

0. This gives
1

2+ da ~ Ky

Notice that By <1 /2. Therefore, the designer’s first-best recommendation policy is as follows:

(1)

Ho =

o If g > Ko recommend Y at Period 1. If g is received, recommend Y at Period 2. Otherwise,
recommend N at Period 2.

o If g < Hos recommend N at both periods.



It turns out that this recommendation mechanism is also incentive compatible. It is easy to see
that the consumers follow the recommendation N, which only happens when the designer’s belief
is strictly below 1/2. When the designer recommends Y, consumers cannot tell whether they are
at the first or the second period. The expected belief is then

poad 1= 14 poad

Xpg+ —(——X1=

1+ dppa 1+ dpopa 146

A consumer chooses to follow the recommendation Y if this is at least 1/2, which is equivalent to
p= p. We will show that this is not a coincidence: When a = —1, the recommendation mechanism

corresponding to the designer’s first-best experimentation plan is incentive compatible.

3 The designer’s First Best

This section considers the designer’s first-best problem, in which the consumers always follow the
designer’s recommended action. Clearly, if a > 0, the designer should always recommend Y, since
purchasing is always better than not purchasing. In what remains, we consider the case that a < 0.

Suppose that i is the belief of the designer at the beginning of period ¢ and consumer ¢ arrives.

Let the designer recommends Y, and let s € S be the realized signal. The posterior belief is

pam(s | G)

Mt = e 1 C) + (L~ p)a(s | B) @)

(2) shows the distribution of the next state depends on history only through p and the current
action. Also, the signal structure 7 is stationary, the action set {Y, N} is fixed at each state p,
the designer’s payoff depends on p and current action only, and the consumer arrival process is
memoryless. By standard results (Stokey and Lucas, 1989; Puterman, 1994), the designer’s problem
is a stationary Markov decision problem with state p, and there exists an optimal policy that is
Markov, 7 : [0,1] — A{Y, N}.

The designer’s Bellman equation is
W () = max{6W (1), (1 — )t + a -+ SEL[W () | ul}.

If oW (p) > (1 —a)p + a+ OEL[W(u)], then W(u) = 0W(u), so that W(u) = 0. Intuitively,
if the designer finds it optimal not to experiment now, the belief remains unchanged, and the
designer (under Markov strategies) stays away from experimentation in all future periods. The
designer chooses to experiment for sure if the continuation payoff (1 — a)u + a + SE-[W(u')] is
strictly positive. Here, (1 —a)u + a is the direct payoff from purchasing the product at the current
period, and 0E,[W (u')] is the option value from experimenting. In general, the designer may still

be willing to experiment if the direct payoff is negative, since experimenting now helps the designer

10



learn about the quality of the product and make better recommendations in all future periods. The

designer can choose a mixed strategy if the continuation payoff is exactly 0.

We next show that there always exists a designer’s first-best policy that is a threshold policy.

Theorem 1 (Threshold Policy). There exists a threshold p € (0,1) such that the designer recom-
mends Y for sure if yu > p and N for sure if p < p.

Proof. We first show that 7 satisfies first order stochastic dominance. That is, for pu; < pe, the
posterior distribution of y under 7 with prior us first order stochastically dominates the posterior
distribution of p under w with prior ;. Let G; and Gy be the CDF of the posterior distribution
when the priors are p11 and pg, respectively. We want to show that for any x € (0,1), G1(z) > Ga(x).
Pick = € (0,1). If x is a posterior following prior usg, then for some signal s,

pom(s | G)

xzu%@lGﬂﬂl—mM@IBf:P+

1_M27r(s|3)]—1
pe w(s|G)]

Therefore, if we define

. w(s|B) _1-2 o
= . 2 9
& %Eswma> T T-m

which is the set of signals that leads to a posterior at most « under the prior us, then
Ga(7) = poPr(s € S2|G) + (1 — p2)Pr(s € SZ|B),

where P (s € S2|G) is the probability that s € S? given the signal structure 7 and quality state G,
similarly for P, (s € S;|B).

Since p1 < pu2, if we define S! as the set of signals that leads to a posterior at most = under the
prior u1, S2 C S1, since for each given signal, the posterior of that signal under a higher prior is
higher. It follows that

Gi(2) = mPr(s € S,|G) + (1 = p1)Px(s € S;|B)
> Py (s € S%|G) 4 (1 — pu1)Pr(s € S%|B).

Therefore,
Cr(x) — Galw) > (2 — 1) [Pals € S2B) — Pa(s € S2(0)].

and the sign is determined by the terms in the bracket. Notice that S? gathers all the signals with
an (inverse) likelihood ratio 7(s|B)/7(s|G) greater than the threshold (1 — x)ua/x(1 — pg). Since
Pr(s € S|B) — Pr(s € S|G) =1 —1 = 0, gathering the signal with larger inverse likelihood ratio
must make this difference larger. This shows the terms in the bracket is positive, so that FOSD
indeed holds.

11



We now show the main claim by showing that W is increasing in pu. Let T be the Bellman

operator, i.e.,
(Tf)(n) = max{0, (1 — a)pu + a+ OB [f (1) | 1},

for f :[0,1] — R. We first show that T" preserves monotonicity. That is, if f is an increasing
function, so is T'f.

Again let g < po be given. We want to show T'f(u1) < T'f(u2). There are two cases:

e Tf(u1) =0. Then, since T'f(u2) =0, Tf(p1) < Tf(us2) holds.

e Tf(u1) > 0. Consider (1—a)pu+a+dE.[f(i) | pu]. Sincea <0, (1—a)u+a < (1—a)uz+a.

Since 7 satisfies FOSD and f(-) is an increasing function, dE.[f (1) | pa] < OE[f (1) | pal.

Therefore, T' preserves (increasing) monotonicity as desired.

Define Wy(p) = 0 for all p. Let Wiyiq(p) = TWy(u) for all 4 and n > 1. Each W, is an
increasing function since 1" preserves monotonicity. By Blackwell’s contraction mapping theorem,
T is a contraction mapping, and W,, — W, which shows W is an increasing function.

Suppose that at some ug the designer recommends Y with positive probability. It follows that
W (k3) = (1 = a)jis + a + 6B [W (i) | pa] > 0.

Consider any g4 > p3. Similar to the argument above, we know that (1 —a)us+a > (1 —a)us+a
(since a < 0) and OE[W (1) | pa] = OEL[W (1) | us] (by FOSD and monotonically increasing W).
This shows

(1 — a)pa + a+ SEL[W (') | ] > 0,

which in turn shows that W(us) = (1 — a)ps + a + SE[W (') | 4] > 0 and Y is recommended for
sure. Therefore, if Y is recommended with positive probability at some belief, then Y should be

recommended for sure at all higher beliefs. O

4 The Designer’s Second Best

We now consider the designer’s second-best problem, where the consumers’ incentive compatibility
constraints must be respected. As discussed previously, by the revelation principle, the designer
faces two incentive compatibility constraints: the incentive compatibility constraint after a recom-
mendation Y (hereafter ICC-Y), and the incentive compatibility constraint after a recommendation
N (hereafter ICC-N). For ICC-Y, it means the consumers’ expected payoff of purchasing after ob-
serving a recommendation Y must be weakly positive. Equivalently, the consumers’ posterior belief
after observing a recommendation Y is at least 1/2. ICC-N can be expressed similarly.

In this section, we start from the nonpaternalistic baseline, i.e., a designer with a« = —1. We

will show that the nonpaternalistic designer can always implement his first best even with the IC
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constraints. We then consider paternalistic designers who have over- or under-experimentation
incentives (i.e., a > —1 or a < —1). In those cases, we show that the designer’s second-best policies
still maintain a threshold form, and mixing at the threshold is necessary in general for designers

with strong over- or under-experimentation incentives.

4.1 Nonpaternalistic Baseline

We first consider the case when a = —1. This means the stage payoff of the designer under belief
wis px 1+ (1 —p) x (=1) = 2u — 1, which coincides with the consumers’ payoff. In this section,
we will show that the designer with a = —1 can always achieve the first best even if consumers can

choose whether or not to follow the designer’s recommendation.

To establish this result, we introduce the concept of occupancy measures over beliefs, which
significantly simplifies the analysis and underpins many of our subsequent findings. Rather than
tracking entire histories, occupancy measures capture the expected number of periods in which
each belief is held along the path, as well as the expected frequency with which action Y is recom-
mended under each belief. This formulation enables us to recast the designer’s problem as a linear

programming problem. Formally, define the following notations:

e Let x(u) be the expected number of periods the belief at the beginning of the period is p,
and there is a consumer arriving.
e Let y(u) be the expected number of periods for which the belief at the beginning of the period

is u, there is a consumer arriving, and Y is recommended.

The occupancy measures depend on the prior, signal structure, and the designer’s policy.

Theorem 2. The designer’s first-best recommendation policy is incentive compatible.

Proof. We will show that ICC-Y and ICC-N are both satisfied in the first-best policy if a = —1.
We start with ICC-N. Notice that when IV is recommended in the first best, the designer must have
a belief at most 1/2. In other words, r(u) > 0 if u > 1/2. To see this, suppose the contrary that
at some p > 1/2, r(u) = 0 in the first best. But then the designer has a profitable deviation by
recommending Y for sure at p at this period and recommend N at all future periods regardless of
the realized signal. This guarantees a strictly positive expected payoff, while r(u) = 0 yields a zero
payoff for sure. This shows r(u) = 0 cannot be a first best. Therefore, whenever N is recommended,
consumers know that the designer’s belief is at most 1/2, and following the recommendation N by

not purchasing is incentive compatible.

Next, consider ICC-Y. Assume that Y is recommended with positive probability, which means
W (o) = 0. The goal is to show that the consumer’s expected posterior payoff after observing Y’
is proportional to W ().
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Given the first-best policy is Markov, the occupancy measure is always well-defined and depends

on the prior. Specifically,

) = U = po) +5 [ y()dm(u | ) + 811 = r(ula ().

For y(u), r(u) is the first-best policy of recommending Y at belief u. For z(u), the first term
considers whether or not  is the prior, given that the prior is where the game starts and naturally
have one more period in the occupancy. The second term considers the cases where an experiment
at previous period yields a signal that leads to posterior p. The last term considers the cases
that no experiment was recommended and the belief remains constant for the next consumer. The

designer’s expected payoff under the first-best policy is

W (o) = /y(u)(2u —1)dp >0

since r(uo) > 0.

On the other hand, the consumer’s posterior belief after observing Y is described by

/ Mdﬂa
Jy(@)dji
and the consumer purchases if this is at least 1/2. This means

2/y(u)u > /y(ﬂ)dﬂ'

Move the RHS to the LHS, use the same integral variable, and collect terms to get

/y(u)(2M —1)dp >0,
which was our starting assumption. O

Instead of working directly with the probabilities of recommending Y after different histories,
in the proof we employ a strategy of working with occupancy measures of states in the game with
different starting beliefs at the beginning of the period and purchases of the good with such beliefs.®
The idea is as follows. Ultimately, the designer and the consumers only care about how often Y
is recommended at different beliefs, once these frequencies are adjusted according to the arrival
probabilities of the consumers. For example, a recommendation plan is IC if YV is recommended
often when the product is good with high probability and less often when it is more likely to be
bad.

8For a classic reference on occupancy measures, see Puterman (1994).
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It is intuitive why the first-best policy is IC when a = —1. Since the designer does not hold any
prior information advantage, when knowing the designer’s recommendation policy, each consumer
can fully trace out the potential belief evolution the same way as the designer at the beginning of
Period 1. When the designer recommends NV, the designer gets 0. When he recommends purchasing,
he gets the same expected stage payoff as the corresponding consumer. Therefore, a consumer’s

expected payoff is just a scaled version of the value of the designer under the prior belief.

Example 1. As an example, we consider the perfect-good-news signal again. This simple form of
the signal structure allows us to solve for the closed form of u. At p, if the designer recommends
purchasing, either g is realized with probability pca, and the belief jumps to 1, or n is realized with
probability 1 — pc, and the belief falls below p. At the boundary, using the Bellman equation,

1
0=W(u) =2u—1+94 HafdJr(l—Hoz)-O ,

which gives

1-9
L= 50— 5) 1 oa 3)
If p10 > p, the designer recommends for a fixed number of periods. If there is good news arriving in
these periods, the quality is revealed to be G, and the designer recommends purchasing the product
forever. If no good news arrives for enough number of periods, the belief drops below p, and the

designer recommends N in all future periods. |

4.2 Paternalistic Designer

We now consider designers with over- (a > —1) or under- (a < —1) experimentation incentives.
The designer’s problem differs from a standard stopping time problem due to the IC constraints.
Specifically, the IC constraint is a global constraint”, not local, as consumers are time-blind.
With the IC constraint, the first-best policy may or may not be implementable for such designers.
For example, for a > —1, the designer in the first best sometimes would like consumers to experiment
even when it decreases expected consumer surplus. This decreases the expected payoff of a consumer
when getting a Y recommendation. If the resulting expected payoff is still above 0, the first best
is implementable. But for high enough a, the first-best policy of the designer overrecommends
purchase to the extent that the expected payoff conditional on a Y recommendation becomes
negative, meaning that the first best becomes unattainable. The following result formalizes this

argument.

Proposition 3. Suppose a > —1 (a < —1) and the designer’s first-best policies cannot be imple-
mented. Then in any second-best policy, ICC-Y (N) is binding, while ICC-N(Y) is slack.

9The constraints are global in the sense that the complete recommendation policy is involved, and the payoffs are

aggregated over time in these constraints.
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Proof. For simplicity of notation, we let v"(Y) and ~" (V) be the posterior beliefs of consumers
after observing recommendation Y and N, respectively, under recommendation policy r. In what
follows, we will use v’ and r” to denote a first-best and a second-best recommendation policy in a
given game.

Case 1: a > —1. Suppose that the designer’s first-best policies are not implementable. If the
designer commits to a second-best policy in which Y is never recommended, any claim regarding
ICC-Y, including that it is binding, is vacuously true. Here, ICC-N is indeed slack, since never
recommending Y cannot be the second best if yo > 1/2.1% Given py < 1/2 and N is always
recommended, 7" (N) = po < 1/2.

In what follows, we consider the cases when Y is recommended with positive probability after
some history in a second-best policy r”.

First, we argue that ICC-N cannot bind in 7. Otherwise, v (N) = 1/2. Since a second-best
policy must be IC, 4" (Y) > 1/2. Bayesian consistency then implies yo > 1/2. But this suggests a
first-best policy is implementable.

Next, we argue that ICC-Y must bind in 7. Suppose the contrary that 4" (Y) > 1/2. Define
a new recommendation policy r; as follows:

e At the beginning of Period 1, the designer randomizes between 7" and a first-best policy r’.

The designer plays v’ with probability € > 0.
The designer gets higher expected payoff under r; (since the first-best payoff is strictly higher).
For sufficiently small ¢,
YY) = (=" (V) +e7" (V) > 1/2.
And we know that 7" (N) < 1/2 since both 4" (N) and 4" (N) are less than 1/2. Therefore, 7] is

also IC. This shows that the “second-best policy” is in fact not the second best, a contradiction.

Case 2: a < —1. If N is never recommended in a second-best policy, ICC-N binding is again
vacuously true. To see that ICC-Y is slack, note that the designer recommends Y at the first period
if the ex ante expected payoff at g is weakly positive. Since a < —1, an (imaginary) designer with
a = —1 under the same recommendation policy must have a strictly positive ex ante expected
payoff at pg. By Theorem 2, the consumers payoff after observing recommendation Y has the same
sign as the ex ante payoff of the designer with a = —1, so that the sign is strictly positive. This
shows ICC-Y is slack.

Suppose that IV is recommended with positive probability after some history in a second-best
policy 7. We first argue that ICC-Y is slack. If Y is never recommended, it is again vacuously
true that ICC-Y is slack. If Y is recommended with positive probability, it must be recommended

with positive probability at Period 1. Then the argument above again shows ICC-Y is slack.

01 fact, when a > —1 and po > 1/2, the designer can always implement a first-best policy: since a > —1,

7T/(N) < 1/2 for any first-best policy r’. Bayesian consistency suggests that 7T/(Y) > 1/2 since po > 1/2.
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Finally, we show that ICC-N must bind. Suppose not, that is, both ICC-Y and ICC-N are
slack in the second-best policy. Similarly to the cases of a > —1, the designer can adopt a new
recommendation policy by randomizing between the second-best policy (with a large probability)
and a first-best policy (with a small enough probability). The new policy yields a strictly higher
payoff and is IC. Therefore, the “second-best policy” is in fact not a second-best policy, which is a

contradiction. O

Intuitively, when a > —1 and the first best is not IC, the designer has sufficiently strong
incentives to over-experiment. ICC-Y now acts as the designer’s budget constraint: leaving ICC-
Y slack means the designer could recommend Y at more histories, decrease the posterior after
recommendation Y, and improve expected payoffs. Similarly, when a < —1 and the first best
is not IC, ICC-N is the binding budget constraint. Leaving ICC-N slack means that the designer
could recommend N in more histories, increase the posterior after recommendation N, and improve

expected payoffs.
With the global IC constraints, the designer’s problem differs from a standard optimal stopping

problem. Nevertheless, below we show that there always exists a second-best policy that has the
threshold belief feature, and mixing, if necessary, only happens at the threshold belief. The proof
of this result is much more involved than that of Theorem 1 (the existence of a first-best policy that
has the threshold form) because the global IC constraints can connect histories that are predecessors
and successors of each other, and so changing the recommendation probability at a certain history
can affect both IC constraints in complicated ways, via changing the probabilities of subsequent

histories being reached.

Theorem 4. For any a € (—o0, 1], there exists a second-best policy that is Markov. That is, there
exists HSB such that in the second-best policy the designer recommends Y if 1 > HSB, Nif pu < HSB,
and recommends Y with some probability p € [0,1] if u = HSB

Proof. First we consider the case a > —1. By Theorem 2, consumers’ incentives are aligned with
the designer if the designer has a = —1. As we will show below, instead of considering the original
constrained optimization problem, it is easier to consider an equivalent problem with a constraint

that the expected payoff of an auxiliary designer with a = —1 needs to be non-negative.

For a given recommendation policy r, the ex ante expected payoffs of the two designers are
T HO Z 5 lEﬂ' R Ut

W (r, po) Z5t Er r(w).
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Here, vy and w; are the stage-game payoffs at Period t for the actual designer (a > —1) and the
auxiliary designer (a = —1), respectively. The expectation is taken over the signal structure m
and the recommendation policy r, taken the prior belief po as given. By Proposition 3, either the
first-best policy is implementable, or ICC-Y is binding while ICC-N is slack in any second-best
policy. By ignoring ICC-N and writing ICC-Y as W(R, ug) = 0, the designer’s problem becomes:
max V(r, po)
" (4)
subject to  W(r, up) = 0.
Note that W (r, ug) = 0 is ICC-Y, since if the auxiliary designer’s ex ante expected payoff and the
consumers’ expected payoff of purchasing after recommendation Y share the same sign.

Since we have shown that the first-best policy is a threshold policy in Theorem 1, we will focus
on the case that the first-best policy is not implementable. That implies W(T’SB, o) = 0 under the
second-best policy 5B, That is, the actual designer cannot improve his payoff without dropping
the auxiliary designer’s payoff below 0. Also note that the feasible set of (V, W) is convex because
the designer can randomize between two policies at the beginning of the game. The arguments
above allow us to use the weighting method'!. Since (VSB,0) is Pareto optimal, there exists A > 0

such that V5B is the value of the non-constrained problem
max V(r, po) + AW (r, po). (5)

And since we assume that W (rSB, o) = 0, A > 0. For the purpose of this proof, the value of \ is
not important; it suffices to know that A > 0.

(5) is a scalarized problem. Since the stage payoffs depend on belief only, the signal depends on
the true quality state only, and the belief transition is Markov, (5) is a standard Markov decision

problem that can be solved by using the Bellman equation:
Va(p) = max {(1 = a)u+a+ A2 — 1) + 6B [Va(') | ], 6Va(w)} - (6)

Since A > 0, the stage game payoff (1 —a)u + a + A(2pu — 1) is strictly increasing in belief p. This
means the solution of (6) admits a threshold policy by applying a similar argument as in the proof
of Theorem 1. That is, regarding (6), there exists a threshold HSB such that an experiment is
preferred if p > HSB, indifferent if u = HSB, and not preferred if p < HSB. This defines a family of
experimentation policies 7(p) parameterized by a number p € [0, 1], where p is the probability of
experimenting at belief HSB.

We argue that there exists p such that 7(p) is a second-best policy of the problem in (4) (hence
a second-best policy of the original problem). Since the payoff difference between experimenting or
not,

(1= @)+ at A2 — 1) + SEL[VA() | ]

1 See, for example, Theorem 3.1.4 in Miettinen (1999), p.79.
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is strictly increasing in p, 7(p) is a complete Bellman characterization, in the sense that every
Bellman-optimal policy is of the form of #(p). Since (VSB,0) is an optimal value pair, there must
exist p°B € [0, 1] such that V(7(p°B)) = V5B and W (#(p°B)) = 0. Therefore, #(p°B) is a second-best
policy that experiments at all beliefs higher than HSB, experiments with probability pSB at HSB,
and does not experiments at beliefs lower than HSB. When p°B ¢ {0, 1}, the second-best policy
involves mixing at the threshold belief HSB.

We now consider the case a < —1. Again, it suffices to consider cases when the first best is not
implementable. By Proposition 3, ICC-Y is slack while ICC-N binds in the second best. Similar to
above, we can ignore ICC-Y for now and formulate ICC-N with an auxiliary designer whose a is —1.
The stage payoffs of the auxiliary designer needs to be different though: the auxiliary designer gets
the payoffs from experiments when N is recommended and 0 when Y is recommended. Therefore,
the ex ante payoff of this auxiliary designer, denoted by W, is the deviation payoff after observing

N. The transformed problem is now

max V(r, po)

T (7)
subject to W (r, ug) < 0.

To use the weighting method on (7), we need one more step: write ICC-N as —W (r, o) > 0, and

the second best is a point on the Pareto frontier of (V, —W). The non-constrained problem is
max V(0 0) + M- (r. ). ®

By adding the negative sign, we guarantee that A > 0. Since ICC-N must bind, A > 0. The
scalarized problem (8) again satisfies the standard Markov conditions and can be formulated using
Bellman equation. Notice that the stage payoff is u+(1—u)a = a+(1—a)p when Y is recommended
by the recommendation policy, and the stage payoff is A(1—2u) when N is recommended. Therefore,

the Bellman equation is
Vi(p) = max{a+ (1 — @) + 0B [V5 (1) | 11, Y], AL —2p) + 6B [V5 (1) | . N}

When there is no experiment, the belief remains the same, so that E.[Vy (i) | p, N] = Vi (u).

Therefore, at a belief where IV is recommended,

Vi) = (1 = 2p) + V5 (1),

which is _

Vx(p) = A(i - Eu)’

so that the Bellman equation can be written as

Vi) = max { -+ (1= ) + (T30 | Y],

)\(1:(25#)}_
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To show that a second-best policy takes a threshold form, we need to show that the difference of
the payoffs of recommending Y and the payoffs of recommending N increases as the belief increases.
In other words, we need to show that

AL - 2p)

D5 (i) = a+ (1 = a)u + 0B [V5 (1) | 1, Y] = =7 —

(10)

is strictly increasing in p. This is less direct than the case with a > —1. In the latter cases, both
the real designer and the auxiliary gets 0 from no experiment, and showing that V) is increasing is
sufficient. Here, stage payoffs are not 0 in general. The real designer gets payoff from experiment,
while the auxiliary designer gets payoff from no experiment. A direct result is that we lose the
monotonicity of V5. This can be observed directly from (9): when N is played, V; = A(1 —
2u)/(1 — ) is decreasing in p. This means that we cannot directly use the FOSD property to
show the monotonicity of Dy. In what follows, we will introduce a transformation that shows the

monotonicity of Dy. Define 21 as a short-hand notation for max{z,0}. We can write (7) as

Vaw = 22204 gy,

It follows that

B3 0) | ¥] =8 | 2G5 | | 4 B0 ]
A1 - 2p)

— (T
= S RDy ) | Y

where the second equality follows from the law of iterated expectations. Substitute this back to
(10),
Ds(u) = a+ (1 — a)u + EIDy (W)* | 1, V1.

The goal of this transformation is to write D5(u) in a recursive form to be able to use standard

techniques involving value function iteration. Indeed, using a similar argument as in Theorem 1,

define
(THp)=a+ (1 —a)u+Ef()" | pY].

If f is an increasing function, f+ = max{f(u), 0} is also increasing. By the FOSD property (implied
by the MLRP property) of the signal structure, E[f(u)" | u, Y] is increasing in u. Since a < —1,
the first two terms a + (1 — a)u is strictly increasing in . Therefore, T preserves the monotonicity.
The standard value function iteration argument then indicates that Dy is strictly increasing in p.
This implies the threshold structure of the second-best policy. What remains is to establish the
possibility of mixing at the threshold, which is similar to the case a > —1 and omitted here. O

The threshold belief Hp I general depends on the prior belief 1o, the designer’s experimentation

incentives a, the arrival probability d, and the informativeness of the feedback signal structure .
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The proof of Theorem 4 uses the observation in Theorem 2 that for any given recommendation
policy, the ex ante payoff of a designer with a = —1 has the same sign as the expected payoff
of a time-blind consumer following a purchase recommendation. When a > —1, ICC-Y is the
relevant binding constraint. We therefore introduce an auxiliary designer with a = —1 and use his
ex ante payoff to represent ICC-Y. Because the actual and auxiliary designers’ payoffs have the
same intertemporal structure and differ only in their flow payoffs, the constrained problem can be
scalarized by assigning a weight to the auxiliary designer’s payoff. This converts the problem into

a standard recursive Markov decision problem.

When a < —1, the relevant binding constraint is instead ICC-N. In this case, we construct the
auxiliary payoff so that it records the consumer’s deviation payoff when N is recommended and
assigns zero payoff when Y is recommended. After incorporating the negative of this payoff into
the actual designer’s objective, the problem can again be scalarized and written recursively. In
both cases, the scalarized dynamic program has a monotone action-value difference, which yields
the threshold structure, while the multiplier associated with the binding IC constraint pins down

the particular second-best threshold.

Theorem 4 shows that for general learning signal structures the second-best policies for the
designer can be restricted to belief threshold policies without loss of generality. How this shapes
optimal recommendation policies and how much influence the designer can have on experimentation

depend on the underlying learning signal structures, as we demonstrate in the next sections.

5 The Designer’s Second Best for Perfect Good News

Consider the signal structure of perfect good news from Example 1, but now in the infinite horizon
framework of our base model. Given this signal structure, there are only countably many possible
beliefs on path, and the belief monotonically decreases when no good news arrives after a purchase.
This also allows us to abstract away from specific histories, as the belief itself contains the relevant
experimentation information. Let u, be the belief at the beginning of a period if there were n — 1
purchases before but no good news having arrived. Let p1 = pg be the belief at the beginning of
Period 1.

The monotonically decreasing belief in the absence of good news implies a simple form of the
second-best policy. Following from Proposition 3 and Theorem 4, the designer’s second-best policy
involves two phases: an exploration phase, where the designer experiments at the beginning of the
game, and an exploitation phase, where the designer only recommends purchase if news arrived and
the product was confirmed to be good. The threshold belief is chosen according to the first best
(when a is around —1) or a binding IC constraint (when a is significantly larger or smaller than

—1), and mixing at the end of the exploration phase is in general necessary in the latter case.
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To provide a full characterization of the designer’s second-best policy, we employ the occupancy
measure approach again, with relatively straightforward definitions of occupancy measures due to

the simple belief evolution:

e Define z, as the expected number of periods when there is a consumer present and the
designer’s belief at the beginning of the period is .

e Define y, as the expected number of purchases made when the belief is p,.

This way recommendations at histories with a given belief are implicitly reflected by the relation
between x, and y,. In particular, if y, = x,, we know that Y is recommended whenever the belief
is pun. If 0 < y, < x, then at some periods where the belief is p, and there is a consumer, N is

recommended. If y, = 0 then N is always recommended at belief u,,. By definition,

z1 =14 6(z1 —y1), (1)

Tnt1 = 0(1 — apin)yn + 0(Tpy1 — Yny1), n> 1
Consider n > 1. The first term on the RHS is the inflow of x,,1: it counts the expected number of
periods x,41 is reached via experimentation. The second term considers if the designer mixes and
the realization is recommending NN, so that the belief at the beginning of the next period is still
tn+1. For n = 1, since the first consumer arrives for sure, and p; = pg, the inflow term is 1. For
concreteness, we show the law of motion for n = 1. Let p; be the probability of recommending Y

to consumer ¢ assuming that the belief at the beginning of Period ¢ is py. Then,

21 =1+ (1= p1)6+ (1 —p1)(L—p2)6®+ (1 — p1)(1 — p2)(1 — p3)d° + - --
y1 = p1+ (L —p1)dpa + (1 — p1)(1 — p2)&%p3 + - -

For z1, the t-th term on the RHS is the probability that the belief at the beginning of Period ¢ is
1. Since the first consumer arrives for sure, this probability is 1 for ¢ = 1. For Period 2, the belief
is 1 if the designer recommends N (note that an experiment will change the belief for sure), which
happens with probability 1 — p1, and a consumer arrives with probability d. y; is formulated in the
similar way, with the ¢t-th term on the RHS being the probability of recommending Y at Period ¢
under belief pg. It is easy to see that

r1—y1=1-p1+(1—p1)(1—p2)d+---,

hence z1 = 14 6(x1 — y1).
With perfect good news, the arrival of good news implies that the belief jumps up to 1. Let xg

be the expected number of periods staying at belief 1 and with a consumer arrival. Then,

g = dxg + (52 OfnYn.-

n=1
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This gives
1)
TG =15 E Qb Yn-

n>1
The designer always recommends purchasing at belief 1 in any second-best policy, since increas-
ing the probability of recommending purchasing at belief 1 both strictly increases the designer’s
objective function and relaxes the corresponding IC constraint.
The use of occupancy measures simplifies the designer’s problem. As we will show next, the
designer’s problem reduces to a linear programming problem, and the designer’s second-best policies

are unique when described by occupancy measures.

5.1 The Designer’s Problem

We start with the IC constraints. The expected belief after recommendation Y is

Zn;1 HnYn + 1 20
Zn>1 Yn + TG

A consumer follows the recommendation Y if this is at least 1/2. Plugging in ¢ ICC-Y can be

> [un (2 + 10‘_55) - 1] Yn = 0. (12)

n=1

rewritten as

The expected belief after recommendation N is

anl(l‘n - yn)ﬂn
Zn>1(37n —Yn)

and this needs to be less than 1/2 for incentive compatibility, which corresponds to

0= Z(xn - yn)(2lu’n - 1)

n=1
= (2 = D@1 —y1) + D (w0 = yu) 20 — 1)
n>2
=(2m —1) (11__5? - y1> +> (2pn—1) <1f5[(1 — Qfin—1)Yn—1— Yn] — yn> ;

n=2

where the last line uses (11). Multiplying both sides by (1 — ) and collect terms, we get

0> 2 — 14> [6(1—apn)(2 = pn — 1) = (2pnr1 — Dlyn

n=1

=2 — 14> (1-6—[2(1—6) + adlun)yn, (13)

n>1

where the last line uses fin+1 = pn(l — @)/(1 — apy,).
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Equation (13) is the ICC-N. Since {p,, } is a decreasing sequence, the coefficient of y,, is increasing
in n, so a positive y, tightens ICC-N when n is sufficiently large. A positive y, at such p, means
recommending Y with positive probability, decreasing the probability of recommending N at that

belief. In turn, both IC constraints become harder to satisfy.

The objective function of the designer is also straightforward to express using xg and yy:

> 11 = a)un + alyn + ac,

n>1

which simplifies to
> [Mn (1 —a+ 10‘_55) + a] Yn.- (14)
n>1

The designer’s problem is to choose {z,y,} to maximize (14), subject to the feasibility con-
straint 0 < y,, < 2, the law of motion (11), and the IC constraints (12) and (13).

Observe that when a = —1, the objective function (14) coincides with the LHS of the IC
constraint (12). This verifies that the first-best policy can be implemented when the designer and

consumers have aligned preferences.

5.2 The second-best policies

By Proposition 3 and Theorem 4, there exists some n such that yp = xp for £ < n, yp = 0 for
k > n. In other words, the designer will front-load experimentation to the beginning of the game.
Intuitively, since the designer and consumers weigh good and bad products differently, v,, and
Ym—+k, when adjusted by the IC constraint, do not contribute to the designer’s objective function in
the same way, and the designer should front-load the experimentation, to histories where the belief
is higher. This shows that the mixing can only happen at the end of the exploration phase. We
only need to determine the value of n, which pins down the threshold belief, and the value of y,,
which determines the mixing behavior at the threshold. When the second best involves a binding

IC constraint, the second-best policy is also unique with respect to the occupancy measure.

We next offer a characterization of the designer’s second-best policy. For simpler notations

later, let p(0) = 0, w(0) = 1/2, s(0) =0, and for n = 1,2,---, define

B faén_l(l —9)
1) = T — 0 T 1 =0 =) P — o)
. 1
14"

M = s Ga e — o
Here, as we will show later, p(n) is the lowest belief at which the designer would like to experiment

n times without arrivals of good news. In particular, p(1) = pu, the first-best boundary to start any
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experimentation. w(n) is the boundary determined by ICC-N. If the prior is w(n), the posterior
belief after n experiment is exactly 1/2. In other words, the recommendation policy must recom-
mend Y for at least n times before recommending N forever. s(n) is the boundary determined by
ICC-Y, which is the lowest prior belief at which the consumer is willing to accept Y from a policy

that experiments exactly n times.

In the following theorems in this section, we characterize the designer’s second-best policies by
{u(n),w(n),s(n)},. We illustrate the designer’s second-best policies in Figure 1. In general,
the designer is more willing to initiate experimentation when a is higher (reflecting stronger ex-
perimentation incentives), when « is higher (as more precise experiments improve the information
values of experimentation), or when § is higher (implying a larger expected number of consumers).
Consumers are also more willing to accept the recommendation when « is higher, since greater ac-
curacy enables the designer to provide better recommendations, or when ¢ is higher, as a consumer
believes it with higher probability that she arrives after perfect news already having arrived. We

start from a designer who prefers less experimentation, namely a < —1.

Theorem 5. Let a < —1. For pu(n) < po < p(n+1), n=0,1,---, there exists an optimal policy
as following;:

o If o < w(n), implement the first-best policy. That is, recommend Y until the n-th period,
then recommend N forever, if there is no good news arriving. After an arrival of good news,
recommend Y forever.

o If 119 > w(n), recommend Y until the (n + k)-th period, mix at the (n + k + 1)-th period,
and then recommend N forever, where k satisfies w(n + k) < po < w(n + k + 1), if there is

no good news arriving. After an arrival of good news, recommend Y forever.

Proof. By induction,

n—1

po(l — @)
po(l—a)™ =t +1—p’

Hn =

and if y; = x; for all j < n,

yn =" Huo(1 = )" +1 — pul.

When a < —1, only ICC-N (13) potentially binds. Substituting u, and y, into the RHS of the
ICC-N, the RHS becomes

po([0(1 —a)]™ + ") — ™.

Set this to 0 to get up = w(n). That is, ICC-N binds if the prior is w(n) and the designer
experiments exactly n times. One can verify that, by substituting w(n) into the equation of pu,,
P+l lgo=w(n)= 1/2. That is, the designer will experiment as long as the belief at the beginning of
the period is above 1/2, otherwise ICC-N gets violated.
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When p(n) < po < p(n + 1), the designer would like to experiment n times in the first best. If
to < w(n), this means the belief after n experiments without good news is at most 1/2, suggesting
that the first best is implementable. Otherwise, the first best is not implementable, and the second
best is determined by ICC-N. Note that w(k) — 1 as k — oo, so for any pg € (0,1), there exists
k > 0 such that w(n + k) < po < w(n +k+1). For w(n + k) < po < w(n + k + 1), the designer
must experiment at the first n + k beliefs and mix at the belief n + k + 1 to make the policy just
implementable. By letting y; = x; for j < n + k, setting ICC-N to be 0 gives

n+k

msier = [ = o (80— P 0] S5 201- ) aa MU

O]

When a < —1, only ICC-N matters by Proposition 3, so the constraint comes from making
recommendations of IV credible. To ensure this, if no good news arrives, the designer must terminate
at a belief of 1/2 or below. When a is near —1, the first best terminates at a belief of 1/2 or lower
and thus is implementable. As a becomes smaller, the designer’s incentive to experiment eventually
becomes too weak so that terminating at such a belief is not his first best. In such cases, the designer
has to experiment more than his first best until the termination belief is exactly 1/2, which typically

requires mixing at the end of the experimentation.

Next, consider a designer who prefers more experimentation but would not want to recommend

a known bad product.

Theorem 6. Let —1 < a < 0. For pu(n) < po < p(n+1), n =0,1,---, there exists an optimal
policy as following;:
o If yigp > s(n), implement the first-best policy. That is, recommend Y until the n-th period,
then recommend N forever, if no good news is arriving.
o If s(k) <po<s(k+1)fork=1,---,n—1, recommend Y until the k-th period, mix at the
(k + 1)-th period, then recommend N forever, if no good news is arriving.

o If g < s(1), recommend N forever.

Proof. When —1 < a < 0, only ICC-Y (12) potentially binds. Substituting u,, and y, in the proof
of Theorem 5 into the LHS of the ICC-Y yields

2 [5(1—a)*—o" 1-0o"

Ho 1-6 1-5°

Set this to 0 to get pg = s(n). That is, if ygp = s(n), under a policy in which the designer
experiments exactly n times without good news, the expected payoff of purchasing the product

after a recommendation Y is exactly 0.
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If p(n) < po < p(n + 1), the designer again would like to experiment n times in the first best.
This is implementable if 119 > s(n) by construction. Otherwise, the belief is too low to implement
the first best. In particular, for py < s(1), the consumers cannot accept any recommendation Y.
For pp < s(n) and n > 1, there must exist a k such that s(k) < po < s(k+1) and 1 < k <n. In
this case, ICC-Y is slack after k experiments without good news arrival but is violated after k£ + 1
experiments (by the construction of s(n) again). The designer then uses mixing such that ICC-Y
binds exactly. By letting y; = z; for j < k and setting the LHS of ICC-Y to be 0, we have

2 —[0(1 —k)F—o* 104" po(1 — a)* 2 —20 +ad
Yk+1 = |Ho - 1- z
1-9 1-9 pwo(l—a)f+1—py 1-90

O]

When —1 < a < 0, only ICC-Y matters, so the constraint comes from making recommendations
of Y credible. The designer’s first best is always implementable when ug > 1/2 because the
consumers are willing to follow a recommendation of Y even without information, and the designer’s
experimentation incentive is even stronger than the consumers’. Note that this statement is also
true when a > 0. When po < 1/2, the designer can implement his first best when a is near —1.
However, he has to implement a policy different from his first best either when a becomes high
enough such that he wants experimentation more than ICC-Y would have allowed, or when pug
becomes low enough such that he has to experiment less to make a recommendation of Y credible.

Finally, consider a designer who has a strong experimentation incentive and would even want

to recommend a known bad product.

Theorem 7. Let a > 0. There exists an optimal policy as following:

o If 449 > 1/2, implement the first-best policy. That is, recommend Y forever.
o If 4o < s(1), recommend N forever. If s(k) < po < s(k+ 1) for some k > 1, recommend Y
until the k-th period, mix at the (k + 1)-th period, then recommend N forever.

Proof. When a > 0, the designer would like to recommend Y to all consumers, which is only IC
if up > 1/2. For pp < 1/2, ICC-Y binds, and the second-best policy is pinned down by ICC-Y.
Again, there exists k& > 1 such that s(k) < po < s(k+ 1). In this case, the designer can at most
experiment k times with probability 1 while keeping ICC-Y. yi41 is again solved and equals the
result in Theorem 6 by letting y; = x; for j < k and setting the LHS of ICC-Y to be 0. O

Given that a > 0, the designer’s first best is to recommend Y forever, which is implementable
only when po > 1/2. When pup < 1/2, the best the designer can achieve is to recommend the
product as many periods as ICC-Y allows, which is determined by {s(n)}5°.

We now summarize the designer’s second-best policies for different ;o and a in Figure 1. As the

color shifts from gray to orange, the designer gradually increases the periods of experimentation.
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In the regions shaded with solid colors, the designer’s first-best policies are implemented. Also, the
first-best policies are always implementable in the region of g > 1/2 and a > —1. In the regions
shaded with vertical patterns, the first best cannot be implemented, and the designer in general
employs mixing at the end of the experimentation phase. In such regions, the occupancy measure
corresponding to mixing increases as p increases but does not depend on a, since it is determined

by the IC constraints only.

Even though the second-best policy is unique when one IC constraint binds, there are multiple
ways to implement the same occupancy measure if the designer’s second-best policy involves a
(non-degenerate) mixed recommendation at p,. In Appendix A, we provide an example that shows
the designer can delay experimentation at a belief if the recommendation policy uses mixing at
this belief. In general, when the second best involves mixing before recommending N for sure, the
designer can choose to front-load the experiment by mixing only once at the first period when pu,, is
reached, or delay and spread the experiment for several periods while the belief is still at u,,. Notice
that this does not contradict the observation that the designer front-loads the experimentation,
since the delayed experimentation happens at the same belief. In other words, while the belief
is pn, two recommendation policies yield the same designer’s payoff and keep the same incentive
compatibility as long as the expected numbers of consumers who receive recommendations Y and
N are the same. Also, delaying the experiment is only feasible when there is non-degenerate mixed
recommendation. For belief u,, where 4., = ,,, the designer cannot delay experiment, since there

is a strictly positive probability that the consumers stop arriving in future periods.

6 The Designer’s Second Best with Perfect Bad News

In this section, we investigate the designer’s second-best policies when learning about the product
takes the form of perfect bad news. More specifically, if the product is of bad quality, then following
purchase the consumer (and through feedback the designer) receives bad news (b) with probability

B > 0; otherwise there is no news (n). The signal structure is:

:lg 1f5]-

The perfect bad news structure again yields a simple belief process: there are only countably

P(b|G) P(n|G)
P |B) P(n|B)

many on-path beliefs, and the belief monotonically increases in the absence of news. This means
the designer’s first-best policy when a < 0 is either recommending Y until bad news arrives if
po =, or recommending N to all consumers if po < p, where p is the first-best threshold as
defined in Theorem 1. However, an increasing belief sequence suggests potentially different mixing
behavior when the first-best policy is not implementable. As suggested by Theorem 4, any mixing

induced by IC constraints should occur at the lowest belief at which Y is recommended with
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Figure 1 The second-best policy under perfect good news
Note: Drawn for a = 0.5 and § = 0.6. For each pair (a, o), the figure displays the number of rounds of

experimentation conducted for sure under the second-best policy when no good news arrives.

Regions with solid shading indicate parameter values for which the designer’s first-best policy is incentive
compatible and can therefore be implemented.

Regions with vertical hatching indicate parameter values for which the first best is not incentive compatible.
In these regions, the relevant IC constraint binds, and the designer generally mixes in the final round of the
exploration phase.

The shading ranges from gray to orange and represents 0 to 5 rounds of experimentation conducted for sure.
In a hatched region, the designer may additionally experiment with positive probability in the following round.
As defined before Theorem 5, the curves p(n) delimit the designer’s first-best experimentation regions, while
s(n) and w(n) delimit the regions determined by ICC-Y and ICC-N, respectively.

For readability, the color scale is capped at 5 rounds. Regions corresponding to more than 5 rounds of

experimentation, including the region in which purchase is always recommended, are left unshaded.
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positive probability. Therefore, under perfect bad news where relatively low beliefs now occur at
the beginning of the game (except following the arrival of bad news when the belief drops to 0),

mixed recommendations, if any, should occur at the prior belief.

Nevertheless, mixing early may or may not help the designer depending on whether the designer
has an over- or under-experimentation incentive. Intuitively, if a < —1, so the designer is less willing
to recommend Y and can mix by recommending N with positive probability at the prior belief. Be-
cause consumers cannot distinguish between such N recommendations and an N recommendation
following bad news, this mixing can increase the designer’s payoff. By contrast, when a > —1, early
mixing may not benefit the designer. The consumers now worry about over-experimentation, and
the goal of mixing at the prior belief is to introduce uncertainty which reduces the proportion of
Y recommendations at lower beliefs. But an observed recommendation Y resolves the uncertainty
regarding the outcome of mixing and allows the consumers to condition on the realized recom-
mendation being Y. This renders the mixing ineffective and leads to a second best that is either
the first best or no experimentation at all. In what follows, we again use occupancy measures to

formalize this intuition.

6.1 The Designer’s Problem

We again let x,, denote the expected number of periods in which a consumer arrives and the belief
at the beginning of the period is u,, where u,, is the belief after n — 1 purchases without bad news.
Let y, be the expected number of periods in which Y is recommended at belief u,. Similarly,
define xp as the number of periods in which the belief is 0 and a consumer arrives, and yp as
the number of periods in which a belief-0 product is recommended. The law of motion for the

occupancy measure can be formulated similarly to subsection 5.1:

Ty =1+0(x1 —y1),

Tnp1=0Yn [1 = (1 — pn) Bl + 6 (Tng1 — Yn41), n =1, (15)
wp = 0w +0Y  yn (1 —pn) B
n=1

ICC-N requires that consumers’ expected belief after observing N is at most 1/2, that is,

En21 Mn($n - yn) + (fCB - yB) -0
Y ons1(Tn —yn) +T5 — YB

1
< =
2

Equivalently,
Z(zﬂn - 1)(xn - yn) - (xB - yB) < 0.

n=1

By Proposition 3, this IC binds only if a < —1, and in that case yp = 0. Substituting for x,, and
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xp using (15), setting yp = 0, and collecting terms by v, yields
21 — 1+ Y {1 =20 = 6B(1 = pin) + 6[1 = (1 = 1) B) (24011 — 1)}y <O
n=>1
Since pin41 = pn/[1 — (1 — py)B], this simplifies to
21 — 1+ Y (1= 0)(1—2n)yn <0, (16)
n=1
which is ICC-N under perfect bad news.

ICC-Y is similarly written as

En>1 YnYn +0-ypB > 1

Zn>1yn‘|‘yB 2

Unlike ICC-N, this IC binds only if a > —1. If a > 0, the designer has incentives to recommend
Y even when the product has belief 0, i.e., is known to be bad. Thus, we cannot in general set

yp = 0. The constraint can be rewritten as

Z(Qlun —Dyn —yp = 0. (17)

n=1

The designer’s objective function is

> 11 = a)pn + alyn + ays. (18)

n>1
The designer’s problem is to maximize (18) subject to the feasibility constraints 0 < y, < zp,
0 < yp < xp, the law of motion (15), and IC constraints (16) or (17) (only one of them being
relevant, as shown earlier), depending on the value of a.

6.2 The second-best policies

As noted above, unlike the perfect good news case, mixing need not appear in the second-best
policy depending on the value of a. In this subsection, we consider the cases of a < —1 and a > —1
separately.

6.2.1 Designers with Weaker Experimentation Incentives

We start with the case a < —1, where ICC-N (16) is the relevant IC and yp = 0. The designer’s
problem is again a linear programming problem, the solution of which determines the value of y;.

By Theorem 4, if y; > 0, y, = x, for all n > 1. If y; = 0, then no experimentation is possible.

Theorem 8. Let a < —1. There exists a designer’s second-best policy that
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e recommends Y until bad news arrives if ug > .

e recommends N to all consumers if pg < min{y,1/2}.
e a policy corresponding to
_ Cw-)l-(-p)3
=020+ (2 B)omo

and y, = x, for all n > 2,if 1/2 < po < p.

Proof. First suppose that pug > p. Since a < —1, ICC-Y is satisfied under the first-best policy
(which is recommending Y until bad news arrives). Since N is recommended only for known bad
products, ICC-N is also satisfied. Therefore, the first-best policy is implemented as the second-best
policy when pg > p. This is the first bullet point.

When pg < p, the designer’s first-best policy is to recommend N to all consumers, which is
M 14 g policy

implementable only if up < 1/2. This is the second bullet point.

For the remaining cases, by Theorem 4, the designer needs to choose y; so that ICC-N binds.
Given that y, = x, for n > 2, ICC-N is

(2p0 = 1) (@1 —y1) —ap = 0.
From (15),

1=y
1-45

(a1

and we need an expression of z,(1 — p,)S to write down xg. It can be shown by induction that

(1 — pn)B = 6"ty (1 — po)(1 = B)" 1B,

so that
o= dy1B(1 — po)
(1-0)[1—0(1-7)
Substituting z; and xp into ICC-N, we get y; as stated. O

By Theorem 4, the designer’s second-best policy is a threshold policy, where mixing only hap-
pens at the lowest belief with positive recommendation probability. Under a perfect bad news
information structure, such a belief, if any, can only be the prior. To make recommendations of N
credible, in any case where the designer’s first best is not implementable, the designer mixes at the
prior such that a consumer cannot tell whether an N comes from mixing or after conclusive bad

news.
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6.2.2 Designers with Stronger Experimentation Incentives

Consider now a > —1. The relevant IC constraint is ICC-Y (17). Again, Theorem 4, in the context
of perfect bad news, suggests that mixed recommendations, if any, can only appear at the prior
belief. We now formalize the intuition that mixing is ineffective and show that the designer will

not even mix at pg.

Proposition 9. Suppose that a > —1. In any second-best policy, y1 =0 or y; = 1.
Proof. By Theorem 4 and (15), for n > 1,

Yn+1 = 5[1 - (1 - Mn)ﬂ]yn

In particular, this shows y; is a common factor of all y, for n > 2. We can now write ICC-Y as

~yB+ 11> (20 — 1)ijn =0,

n>1
where

=1 = % =01—-(1—-m)Bl, and Gnpp1= gyf =01 — (1 — p1)B]n,

for n > 2. Observe that ¢, does not depend on y; for each n. Instead, it is determined by
exogenous parameters fig, , and 3. Therefore, the sign of }_ -, (2un — 1)Jy is determined by the

same exogenous parameters.
If >°,51(2un — 1)7n < 0, the only way to satisfy ICC-Y is to set y1 = 0 and yp = 0. If
Zn>1(2un — 1)y, > 0, since a > —1,

Z[(l — a)pin + alfn > 0,
n=1
so that setting y; = x1, the largest value possible, contributes to higher payoffs for both the designer

and consumers who receive recommendation Y. By (15), if y; = x1, then y; = 1. O

When a > —1, only ICC-Y matters, and the constraint comes from making recommendations
of Y credible. However, mixing at the prior belief cannot jump-start the experimentation if the
prior is low. A consumer who receives Y correctly infers that the mixed recommendation must have
realized as Y. Conditioning on this realization eliminates the benefit of mixing. Therefore, mixing
cannot help increase the posterior belief after recommendation Y. For such low prior beliefs, the
designer’s only option is to recommend N forever.

We proceed by providing a characterization of the second-best policies using occupancy mea-

sures.
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Theorem 10. Define 5
]_ _

2—-20+4 36
For —1 < a < 0, there exists a designer’s second-best policy that

*

W

e recommends Y until bad news if pg > p*. This is also the designer’s first-best policy.
e recommends N to all consumers if pg < p*.
For a > 0, there exists a designer’s second-best policy that

e recommends Y to all consumers if pg > 1/2. This is also the designer’s first-best policy.

e recommends Y until bad news, and recommend known bad product with occupancy measure

1 1 1

YB =R TS TS0 )] 1-(1-p)s

if puo = p*. In particular, yp = 0 if p = p*.

e recommends N to all consumers if pg < p*.

Proof. First consider —1 < a < 0. The designer sets yg = 0 in the second-best policy. By
Proposition 9, there are only two candidate second-best policies: recommend Y until bad news, or

recommend N to all consumers. Given y; = 1, y, = x,, by (15) and the law of motion of beliefs,

> @ = Dyn = 8" [ — (1= m)(1=B)"]

n=1 n=1

B 1 1 1 .
_m{1—5+1—u—5w T1-(1-p8)p

so that ICC-Y is
—yg+1T >=0. (19)

IfT" > 0, (19) is satisfied at yp = 0. Also, since }_, - [(1 — a)pn + alyn > 3,51 Cun — Dyn =T,
recommending Y until bad news achieves strictly positive expected payoff (instead of 0 by always
recommending N). Therefore, the second-best policy is to recommend Y until bad news arrives.
If I' <0, (19) is violated even if yg = 0. This indicates the only incentive feasible policy is to
recommend N to all consumers, which is the designer’s second-best policy.

Next, consider a > 0. yp is no longer automatically 0 since the designer still gets a positive
profit from a consumer purchasing a known bad product. If pg < p*, the argument is the same as
the cases of —1 < a < 0. When p* < po < 1/2, while the designer always wants to recommend Y
given a > 0, ICC-Y binds, and yp is at most —I". When g > 1/2, the designer can recommend Y

to all consumers. The posterior belief remains at py = 1/2, so ICC-Y is satisfied. O

Figure 2 illustrates the designer’s first and second-best policies for —1 < a < 0. Both policies

take the form of recommending N forever when the prior is sufficiently low, and recommending
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Y until bad news for higher priors. The first best and the second-best policies misalign only
at intermediate priors, namely, o € (g, p*). That is, either the first best is IC, when uo ¢
(i, *), or there is no IC recommendation policy that induces any experimentation, when po €
(p, *). This offers a stark contrast: a product with a moderate initial belief of good quality can
be recommended for a long period and gain popularity as long as there is no negative feedback,

while no experimentation is possible with a slightly lower initial belief.

=

FB Y until bad news arrives

| 5 | 10

SB i Y until bad news arrives
*

I

Figure 2 The first- and second-best policies for possible priors, negative a

When a > 0, the designer’s optimal policies are illustrated in Figure 3. In the first-best policy,
=0, and Y is always recommended. However, recommending Y to all consumers is only incentive
compatible if pop > 1/2. p* again gives the boundary between recommending N forever and
recommending Y to some consumers. For py € (p*,1/2), the designer always recommends Y as
long as there is no bad news and occasionally recommends Y after the arrival of bad news so that
the consumers are exactly indifferent between purchasing or not after observing a recommendation
Y. At p*, the designer recommends Y until bad news arrives, then recommends N forever. When

o < ¥, the best he can do is to recommend N forever.

FB Y forever

| | 1o

SB Y at all p, Y forever

w some 0 belief

N

Y until bad news arrives

Figure 3 The first- and second-best policies under different priors, positive a

The comparative statics are similar to the perfect good news case: the designer is more willing
to experiment when a, 8 and § are higher, and the consumers are more willing to accept the
recommendation when § and 0 are higher. We summarize the designer’s optimal policy for different

a and pg in Figure 4.
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I-A
I-B

I-C I1-C

Figure 4 The second-best policy under perfect bad news
Note: Drawn at = 0.6,0 = 0.55. The designer can implement the first-best policies in the I regions (shaded with
solid colors), while the first-best policies cannot be implemented in the II regions (shaded with line patterns). Color
gray represents the policy that recommends N to all agents (Regions I-C, II-C), blue represents the policy that
recommends Y until bad news arrives (Region I-A), and orange represents the policy that recommends Y to all

consumers. In regions with vertical patterns (Regions II-A and II-B), the second-best policies involve mixing.
7 Extensions

7.1 Noisy Signal on Arrival Time

Until now we assumed that the only information a consumer receives is the recommendation gen-
erated by the system that the designer commits to. In a lot of settings though consumers might
have some information about how recently the product was introduced to the market, so how early
they are as adopters. Here we consider an extension, in the context of the simple example from
subsection 2.1, in which consumers also receive a noisy signal about which period they arrive.
Suppose that consumers in the 2-period example in subsection 2.1, besides receiving a recom-
mendation from the system whether to purchase the product, observe a signal k about their arrival

time, where for some p > 1/2,

t with probability p,
k(t) = P i
33—t with probability 1 — p,

together with the designer’s recommendation. We would like to check if the designer’s first best

is still implementable. Suppose the designer recommends Y to the first consumer. The designer
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recommends Y to the second consumer only if good news arrives. The beliefs of the consumers are

1

p p
Pt=1|k=1Y)= 110 — '
=t ) =+ 1251 —plape  p+ (1 —plau
1
Pt=1]k=2Y)=— n1=p) ___=r
(L= p) + 25pape (1 —p) + dpopo

These allow us to write the IC constraints for consumers who receive £k = 1 and k£ = 2.

6(1 — p)apo

p+5(11:p)auo( Tt s pae <
1_
(1-p) +z:5pocuo o = 1)+ (= ff))iugpauo =0
which simplify to . .
o> ——— and  pg > —mM——,
2 + da (%) 2 + da (%)
respectively. Notice that p > 1/2, hence
1 1 1

2o (i) T T2 S g0 ()

where Ky defined in (1), is the lowest belief that the designer recommends Y in the first period
under the first-best policy. In other words, the binding IC is the IC of consumer who receives signal

k=1.

Therefore, the designer’s first best is no longer implementable if

1
el ) < )
=0 2+5a(1;p) =0

Inside this range, if the designer keeps the recommendation plan unchanged, only consumers who
receive k = 2 follow the recommendation Y. Such consumers believe that they are more likely to
be the second consumer, who is recommended to purchase only when the product is revealed to
be good. Consumers who receive k = 1 instead believe that it is more likely that they arrived in
the first period and are asked to experiment a product of unknown quality. This example shows
that once consumers have additional information about their arrival time, the designer may not
be able to implement the first-best policy as often even if their per-period payoff coincides with
the consumers’ payoffs. Notice that the bound p, < 1/2 changes intuitively with p. As p — 1/2,
consumers receive imprecise information regarding the timing of their arrival, and p, — Ho- At
the extreme p = 1/2, consumers have no information about their arrival time, and the original
first-best policy is recovered with p, = Hy- Conversely, as p — 1, consumers become increasingly

aware that they are asked to experiment, and p, — 1/2. In the limiting case p = 1, the first
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consumer knows with certainty that the designer possesses no additional private information; here,

pp = 1/2, reflecting the fact that no experimentation can be induced.

Another feature of this example is that the designer may be able to experiment even if the
original first-best policy (when the consumers have no information about their arrival time) is not
IC. More specifically, signal k = 2 is beneficial for the designer as it strengthens the confidence of
the consumer that more likely she is not asked to experiment but to exploit the known information.
If the first consumer receives signal k = 2, the designer can induce some experimentation at a belief
even lower than Ky Generally speaking, the signal about the arrival time breaks the homogeneous
consumer setup and creates types of consumers with different beliefs regarding arrival time. Each
type has a different posterior regarding their arrival time, leading to a different set of IC constraints,
which reflect different trade-offs between exploration and exploitation. The IC constraints for
consumers who believe they arrive early based on their arrival time signal usually require a higher
prior to accept recommendation Y as they believe that they are more likely to be asked to explore
rather than exploit, while consumers who believe that they are more likely to arrive later can accept

Y at a lower prior.

7.2 Some Consumers not Leaving Feedback

In this subsection we consider an extension of the model in which we relax the assumption that
all consumers leave feedback about their experiences with the product. We focus on the case of a

nonpaternalistic designer and a perfect good news signal structure.

Formally, for each consumer purchase, we assume that with probability x € (0, 1) the consumer
does not leave feedback for the system. For simplicity we assume that the signal that the consumer
receives after purchasing the product and whether the consumer leaves a feedback are independent.
Therefore if a consumer does not leave feedback, the belief regarding the product’s quality remains

the same.

The possibility of no feedback introduces exogenous delay to experimentation. That is, while
every purchase leads to belief jumping to 1 or updating to a lower belief if feedback is always
available, an experiment now can lead to no change in belief. Such delay slows down learning and
reduces the value of experimentation. In turn, the designer stops experimenting at a higher belief.

We show this by solving the designer’s first-best problem.

First, by applying the same argument in the proof of Theorem 1, we can show that the designer’s
first-best policy is still a threshold policy. Let u, be the threshold. For p > puk, the designer’s

Bellman equation is
o) = 40 + kW 12 + KR 1 5 + j2zes 1 y
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which simplifies to

(1= 30 () =2 = 14+ 61 = #) [+ (1= pa)w <u1<1_—ﬂz>>} |

At p, W(p) and W(pk(1 —a)/(1 — pra)) are both 0, so that

1-6
2(1—9) +0a(l — k)

Pk =

Comparing this to p from Example 1, since (1 — ) € (0,1), px < p. That is, the designer stops
experimentation at a strictly higher belief.

It is also straightforward to show that this first-best policy is IC given that a = —1. Intu-
itively, consumers understand that feedback is not always provided and adjust the belief update
after observing a recommendation Y, which again aligns the payoff of consumers after observing a
recommendation Y and the designer’s expected payoff before Period 1, W (). We can show this
formally using occupancy measures. Notice that the on path beliefs are the same as before, only

the occupancy measure for each belief is different. In particular, instead of (11), we now have

x1=140[z1 — (1 — k)],
Tnt1 = 0(1 — k) (1 — apn)yn + 0 [n+1 — (1 — K)Ynt1],
re = drg + 52(1 — K)QnYn-

n=1

Since p,, < 1/2, it is sufficient to check that ICC-Y is satisfied. From the law of motions above, both
the designer’s objective and the consumer’s expected payoff after observing Y under the first-best
policy (i.e., the LHS of ICC-Y) are
T [Mn (2 + 20 §>5) - 1] o
n>1 N
Since the designer chooses to experiment only if the expected payoff of experimenting is weakly
positive, this is weakly positive for pg > px. Therefore, ICC-Y is satisfied.

Just as in subsection 5.1, the coefficient of y,, can be considered as the value of experimentation
at belief u,, by considering both the current period payoffs and all possible continuation payoffs.
For each n, the coefficient here is smaller than the corresponding one in subsection 5.1 due to the

additional (1 — k) factor, which shows that the experimentation value is lower at each belief due to

the possibility of no feedback and no learning.

8 Conclusion

Our results demonstrate that in an environment where agents do not know how many others pre-

viously experimented with a product, an information designer can have a lot of scope to encourage
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or discourage experimentation. While in environments in which agents know their orders of arrival,
a designer, even when receiving private information from other sources, can only initiate experi-
mentation slowly and gradually (Che and Horner, 2018; Lyu, 2026), in the environments that we
consider in some cases he can facilitate experimentation at the first-best level and intensity. In
particular this is the case when the designer wants to maximize consumer surplus. If the designer’s
objective is sufficiently misaligned from this objective, then he cannot achieve his first best because
of having to satisfy the constraints that his recommendations are credible enough. We leave it
to future work to examine learning in similar information environments when there are multiple
products of unknown quality from which to learn, and when there are different types of consumers

with potentially different valuations for goods.
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A An Example of Multiplicity of Implementation

In this example, we show that two different policies can share the same occupancy measure, same
value for the designer, and same incentive compatibility. Let pg = p1 and « be given. Suppose
d = 4/5 for concreteness. Consider the following two policies. Y is always recommended at belief
1.
e Policy 1: Recommend Y at p; at Period 1. If no news arrives, recommend Y at ps with
probability 1/2 at Period 2. Recommend N from Period 3 onwards unless the belief is 1.
e Policy 2: Recommend Y at p; at Period 1. If no news arrives, recommend Y at ps with
probability 2/5 at Period 2 and with probability 5/24 at Period 3. Recommend N at belief

us at Period 3. Recommend N from Period 4 onwards unless the belief is 1.
The two policies share the same occupancy measure. In particular, y; = 1, y2 = 0(1 — u1a) /2, and
yr = 0 for k > 3. The same y’s suggest that z¢ must be the same between two policies.
We first consider the designer’s value, assuming that the consumers obey the recommendations.

Under both policies, the values take the following form

+ (1 — p1)a X [continuation payoffs].

1
(1—a)u1+a+5,u1a1_5

More precisely, the continuation payoffs in the bracket are the continuation payoffs if the belief at

the beginning of Period 2 is py. Under Policy 1, this continuation payoff is

1 1
B [(1 —a)u2 + a+,u2a51_6] .

And under Policy 2, this continuation payoff is

2 1 3 4 1
201 = - b (1= -
E ( a)u2+a+u2a61_5]+5x6x25 [( G)M2+a+ﬂ20451_5

Substituting § = 4/5 into this expression, it is easy to see that the two continuation values are the
same.
We next consider the incentive compatibility. Consider the expected belief after observing Y.

Under Policy 1, a consumer observes Y at beliefs u1, po, and 1, and the conditional belief after
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observing Y is the average of the three beliefs, each weighted by the probabilities of reaching that
belief at a particular period and the probabilities of recommendation at that belief. But this means
the calculation of the posterior belief rather similar to calculating the values above. For example,

under Policy 1, the posterior belief after observing Y is

1
P

1 1 1
(,LL1+5M1041_5 X1+5(1—M1)ax§ [M2+M2a61—6 X1:|),

where

1) 0 0
P—1+/~£10£17_6+§(1—/.L104) <1+/.L2041_6>

It is easy to verify that, given § = 4/5, the posterior belief after observing Y under Policy 2 coincides
with this expression as well. By Bayesian consistency, the posterior belief after observing N must

remain the same as well. Therefore, the two policies share the same incentive compatibility.
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